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AUTOMORPHISMS OF LOCAL FIELDS OF PERIOD 
AND NILPOTENT CLASS < p 


VICTOR ABRASHKIN 

Abstract. Suppose AT is a finite extension of Qp containing a 
P'^-th primitive root of unity. For 1 ^ s < p denote by K[s,M] 
the maximal p-extension of K with the Galois group of period 
and nilpotent class s. We apply the nilpotent Artin-Schreier 
theory together with the theory of the field-of-norms functor to 
give an explicit description of the Galois groups Gal{K[s, M]/K). 
As application we prove that the ramification subgroup F^^ of the 
absolute Galois group of K acts trivially on K\s, M\ if and only if 
V > exiM + s/{p — 1)) — (1 — Sis)/p, where ex is the ramification 
index of K and dig is the Kronecker symbol. 


Introduction 

Everywhere in the paper M G M is fixed and p 7 ^ 2 is prime. 

Let A be a complete discrete valuation field of characteristic 0 with 
finite residue field k ~ where go = ) ^0 ^ Fix an algebraic 

closure A of A and denote by K^p{M) the maximal p-extension of A in 
A with the Galois group of nilpotent class < p and exponent . Then 
r<p(M) := Gal(A<p(M)/A) = V/VP'^CpiV), where T = Gal(A/A) 
and Cp(r) is the closure of the subgroup of commutators of order ^ p. 

Let {rF)}.y^Q be the ramification filtration of T in upper numbering 
H. The importance of this additional structure on the Galois group 
T (which reflects arithmetic properties of A) can be illustrated by the 
local analogue of the Grothendieck Gonjecture [laSlE]: the knowl¬ 
edge of T together with the filtration is sufficient to recover 

uniquely the isomorphic class of A in the category of complete discrete 
valuation fields. 

Let {T<p(M)F) be the induced ramification filtration of T<p(M). 
Then the problem of arithmetical description of r<p(M) is the prob¬ 
lem of explicit description of the filtration {r<p(M)F)}^^g in terms of 
generators of r<p(M). 

An analogue of this problem was studied in HI Eli in the case of 
local fields K, of characteristic p with residue field k. More precisely, let 
Q = Gal(/Cgep//C) and Q^p{M) = Q/G^'^Cp{Q). In [H [2] we developed 
a nilpotent version of the Artin-Schreier theory which allows us to 
construct identification of profinite groups G<p{M) = G{C). Here C 
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is a profinite Lie Z/p^-algebra of nilpotent class < p and G{C) is the 
pro-p-group, obtained from C by the Campbell-Hausdorff composition 
law, cf. Subsection II.21 below for more details and Subsection 1.1 in [7j 
for non-formal comments about nilpotent Artin-Schreier theory. 

On the one hand, the above identihcation of Q^p{M) with G{C) 
depends on a choice of uniformising element in /C and, therefore, is not 
functorial (in particular, it can’t be used directly to develop a nilpotent 
analog of classical local class held theory). On the other hand, the 
ramihcation subgroups can be now described in terms of 

appropriate ideals of the Lie algebra C. The dehnition of these 
ideals essentially uses the extension of scalars Ck ■= G WM^k) of 
C (such operation does not exist in the category of p-groups) together 
with the appropriate explicit system of generators of Ck, cf. Subsection 
11.41 This justihes the advantage of the language of Lie algebras in the 
theory of p-extensions of local helds. 

In this paper we apply the above characteristic p results to the study 
of similar properties in the mixed characteristic case, i.e. to the study 
of the group r<p(M) together with its ramihcation hltration. Our main 
tool is the Fontaine-Wintenberger theory of the £eld-of-norms functor 
[TH] . Note also that we assume that K contains a primitive p^^-th root 
of unity and our methods generalize the approach from [8] where we 
considered the case M = 1. In some sense our theory can be treated 
as nilpotent version of Kummer’s theory in the context of complete 
discrete valuation helds. As a result, we identify r<p(M) with the 
group G{L), where L is a Lie Z/p^-algebra and for an appropriate 
ideal J' of C, we have the following exact sequence of Lie algebras 

(0.1) 0-^ C/J ^ L^Gm ^0. 

Here Cm is a cyclic group of order p^^ with the trivial structure of Lie 
algebra over Z/p^. 

As a hrst step in the study of L, we give an explicit description of 
the ideal J'. More generally, if Gs{L) is the closure of the ideal of 
commutators of order ^ s in L, then for s ^ 2, we have Gs{L) d CjJ 
and exact sequence flO.ll) induces the exact sequences 

0 —> C/C{s) L/Gs{L) ^ Cm ^ 0, 

where all /l(s) are ideals in C. The main result of Section [31 Theorem 
13.31 describes these ideals C{s) with 2 ^ s ^ p and gives in particular 
that J = C{p). 

Extension flO.ll) splits in the category of Z/p^-modules and its struc¬ 
ture can be given by explicit construction of a lift r<p of a generator of 
Cm to L and the appropriate diherentiation adr<p G End(£/J7’). The 
study of adr<p will be done in the next paper via methods used in the 
case M = 1 in [8] . 
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In Section|3]we apply our approach to find for 1 ^ s < p, the maximal 
upper ramification numbers v{K[s, M]/K) of the maximal extensions 
K[s,M] of K with Galois groups of period and nilpotent class s. 
(The maximal upper ramification number for a finite extension K'/K 
in K is the maximal Vq such that the ramification subgroups act 
trivially on it'' if n > Uq.) This result can be stated in the following 
form, cf. Theorem 14.51 from Section HJ 

•VIK : Qp] < oo and (m ^ K then for 1 ^ s < p, 

v{K[s, M]/K) = eK(^M + 

where ck is the ramification index of K/Qp and 6 is the Kronecker 
symbol. 

Remark. The case s = 1 is very well-known and can be established 
without the assumption (m ^ K- Is h possible to remove this restric¬ 
tion when s > 1? 

Notation. If DJI is an i?-module then its extension of scalars 971(8)ij S' 
will be very often denoted by 9715, cf. also another agreement in Subsec¬ 
tion 11.11 Very often we drop off the indication to M from our notation 
and use just i^<p,r<p,^<p etc. instead of K^p{M) ,r<p(M),^<p(M), 
etc. 



1. Preliminaries 

Let /C be a complete discrete valuation field of characteristic p with 
residue field k ~ Fg^, go = and fixed uniformiser to- In other 
words, K, = k{(to)). 

As earlier, Q = Gal(/Csep//C), /C<p = /C<p(M) is the subfield of tCgep 
fixed by Cp{Q) and Q^p = Q^p{M) = Gal(/C<p//C). The ramifica¬ 
tion filtration of Q^p was studied in details in [U [21 E]- We overview 
these results in the next subsections. 

1.1. Compatible system of lifts modulo p^. The uniformizer to of 
/C gives ap-basis for any separable extension S of /C, i.e. {1, to,..., to~^} 
is a basis of the module £. We can use to to construct a functorial 
on S (and on M) system of lifts 0{S){= Om{£)) of S modulo p^fi 
Recall that these lifts appear in the form WM{o'^~^S)[f\, where Wm is 
the functor of Witt vectors of length M, a is the Frobenius morphism 
of taking p-th power and t = (to, 0 ,..., 0 ) G Wm{JC). 

Note that t G 0(/C) C Wm{}C), tmodp = to and at = t^. The lift 
0(/C) is naturally identified with the algebra of formal Laurent series 
^M{k){{t)) in the variable t with coefficients in WM{k). A lift a of the 
absolute Frobenius endomorphism of /C to 0(/C) is uniquely determined 
by the condition at = P’. For a separable extension of /C we then have 
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an extension of the Frobenius a from S to 0{S){= WM{,o'^~^£)\t])- 
As a result, we obtain a compatible system of lifts of the Frobenius 
endomorphism of fCsep to OiJCsep) = hrn O(£^). For simplicity, we shall 

£ 

denote this lift also by a. Note that a is induced by the standard 
Frobenius endomorphism IFM(cr) of WM{K.sep) F) 0{]Csep)- 

Suppose rjo G Aut/C and let Wm{vo) be the induced automorphism 
of Wm{}C). If WM{'no){t) e 0(/C) then p := Wm{vo)\o{ic) is a lift of r]o 
to 0(/C), i.e. rj G Ant 0(/C) and r^modp = tjq. With the above notation 
and assumption (in particular, p(f) G 0{)C)) we have even more. 

Proposition 1.1. Suppose S is separable over K, psQ G Aut£^ and 
V£o\k = Vo- Then pe := WM{V£o)\oi£) is a lift of pso to 0{S) such that 
Ve\o{k) = V- 

Proof. Indeed, using that 0{S) = [f], we obtain 

VeiWMia^-^S)) = WM{p£o){WM{a^-^S)) C Wm{ct^-^S)) C 0{S) , 

andpsit) = WM{p£o){t) = WM{po){t) e 0(/C) C 0{S). So, ps{0{S)) C 

0(S). Obviously, ps mod p = pso- D 

Remark. The above lifts ps commute with a if and only if p commutes 
with a, i.e. a{p(t)) = pitP). In particular, if p{t) = ta^ with a G 
OiJOj then cr{p(t)) = = pifP) (use that a{a) = modp(9(/C)). 

A very special case of the above proposition appears as the following 
property: 

— if £^//C is Galois then the elements g of the group Gal(T//C) can 
be naturally lifted to (commuting with a) automorphisms of 0(S) via 
setting g(t) = t. Therefore, OiJCsep) has a natural structure of a Q- 
module, the action of Q commutes with a, OiJCsep)^ = 0{1C) and 
0{JCsep)\a=id = WMi^p)- 

Everywhere below we shall use the following simplihed notation. 
Notation. If 911 is a Z/p^-module and T is a separable extension 
of JC we set Tl£ := 911o(f)(= fhl '^z/p^ T)(S)). Similarly, we agree that 
VJtk '■= 911 ^-EjpM WM{k). 

1.2. Categories of p-groups and Lie Z/p^-algebras, [TT1[T2]. If 

L is a Lie Z/p^-algebra of nilpotent class < p, denote by G{L) the 
p-group obtained from L via the Gampbell-Hausdorff composition law 
o dehned for li,l 2 E L via exp(/i o I 2 ) = Sp/i • exp/ 2 - Here 

= 1 + X + -h x ^~^/(p — 1)! 

is the truncated exponential from L to the quotient of the enveloping 
algebra .4, of L modulo the p-th power of its augmentation ideal J. 
(This construction of the Gampbell-Hausdorff operation was introduced 
in [T], Subsection 1.2.) 
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The correspondence L ha G{L) induces equivalence of the categories 
of hnite Lie Z/p^-algebras and hnite p-groups of exponent of the 
same nilpotent class 1 ^ Sq < p. This equivalence can be extended to 
the similar categories of prohnite Lie algebras and groups. 


1.3. Witt pairing and Hilbert symbol, [6l[9]. Let 


r./ (T{a)XP (T^{a)XG 

E{a, X) = exp ( aX H- !-•■■ + 


p 


pn 




where a G W{k), be the Shafarevich version of the Artin-Hasse ex¬ 
ponential. Set Z+(p) = {a G N I gcd(a,p) = 1}. Then any element 
u G X*modX*P^ can be uniquely written as 


agZ+(p) 


where oq = ao{u) G Zmodp^^ and all = ctaiu) G W{k) modp^. 

Let for be a prohnite free lTM(fc)-module with the set of generators 
{Ho} U {Dan I a G Z+(p), n G Z/Aq}. Use the correspondences 


( 1 . 1 ) to^Do, a^{a)Dan 

n modNo 


to identify X *with a closed Z/p*^-submodule in 971. Under this 
identihcation we have Wuik) = 971. 

Dehne the continuous action of the group (cr) = Gal(A;/Fp) on 971 as 
an extension of the natural action on WM{k) by setting ctHq = Hq and 
aDan = Da,n+1. Then = 97 l'^-i(UFp). 

The Witt pairing 

0{X)/{a - id)0(/C) X /C7/C*P"" Z/p^, 

is given explicitly by the symbol [f,g) = Tr (Res(/(iiogColp)). Here 
Tr : WM{k) —> J^lp^ is induced by the trace of the held extension 
fc/Fp, / G 0(/C) and Colp is the image of p G X *under the 
group homomorphism Col : X*/X*^ —> 0\^{X) uniquely dehned 
on the above free generators of X*/X*^ via the conditions X ^ t 
and H(a,tg) h-)- E{a,D). The Witt pairing is non-degenerate and 
determines the identihcation 

X*/X*P" = Hom,o,t(0(/C)/(a - id)0(/C), Z/p^). 


It also coincides with the Hilbert symbol (in the case of local helds 
of characteristic p) and allows us to specify explicitly the reciprocity 
map K : X*/X*^ —?■ of class held theory. Namely, in the above 

notation we have K{g)f = / + [/, p)- 
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1.4. Lie algebra L and identification ijm- Let £ be a free profinite 

Lie Z/p^-algebra with the module of (free) generators . Then 

the lTM(^)-inodule Ck has the set of free generators 

( 1 . 2 ) {Do}U{Dan \ a eZ'^{p),n eZ/No}. 

If Cp{C) is the closure of the ideal of commutators of order ^ p, then 
C = C/Cp{C) is the maximal quotient of C of nilpotent class < p. 

Remark. Ck is a free object in the category of prohnite Lie WM^k)- 
algebras of nilpotent class < p with the set of free generators fll.2p . 

We shall use the same notation Dq and Dan for the images of the 
elements of fll.2p in C. Choose ao G WM^k) such that Troo = 1. 

Consider e = aoL>o + Eaez+(p) e G(£/c). If we set L>on := 

{a"‘ao)Do then e can be written as where Z°(p) = 

Z+(p) U {0}. 

Fix / G G(£A:^ep) si^oh that af = e o /. Then for r G the 
correspondence 

r ^ (-/) o Tf G G{CK.J\a=i^ = G(£), 

induces the identihcation of prohnite groups rjM '■ G<p — G{C). 

Note that / G £yc<p and Q^p strictly acts on the ^-orbit of /. 

The above result is a covariant version of the nilpotent Artin-Schreier 
theory developed in [2], cf. also Subsection 1.1 in [7] for the relation 
between the covariant and contravariant versions of this theory and for 
appropriate non-formal comments. 

We shall use below a hxed choice of / and use the notation for e and 
/ without further references. 

1.5. Relation to class field theory. The above identihcation pm 
taken modulo G 2 {G<p) gives an isomorphism of prohnite p-groups 

hM : G<p = C/G2{C) = 

Proposition 1.2. is induced by the inverse to the reciprocity map 
of local class field theory k. 

Proof. Indeed, let be a Z/p^-basis of ITm(^) and let {7i}isgisgVo 

be its dual basis with respect to the bilinear form induced by the trace 
of the held extension W{k)[l/p]/Qp. 

If a G Z+(p) and £(/?*, fo)L« = £)■„, then Aa = Zln ^’'(A)-Dan, and, 
therefore, Dao = Yhilik^ia- This implies that 

e = r^-piPia + aoDomodG 2 iCK:), 

1, a 

/ = X] fiaDia + foDo modC'2(£/C3ep), 

2, a 
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where all fia, fo e 0(/C<p), afia - fia = 'lit “ and afo - /q = oq. From 
the dehnition of rjM it follows formally that for Tia = and 

FQ (hiu) Tiafiiai /iiai 5 'T'ofiiai fiian hsa/o /o 

and To/o = /o + 1- (Here S is the Kronecker symbol.) 

Now the explicit formnla for the Hilbert symbol from Snbsection 11.31 
shows that and K{to) act by the same formnlae as Tia 

and, resp., tq. □ 


1.6. Construction of lifts of analytic automorphisms. Let rjo G 

Ant/C. Then there is a lift ?7<p,o ^ Ant/C<p of r/o- (Use that the snbgronp 
CpiG) of G is characteristic.) For any another snch lift 
have V<p,oV<p,o ^ G<p. 

The covariant version of the Witt-Artin-Schreier theory [2], Section 1 
(cf. also [7], Snbsection 1.1 and [8], Section 1), gives explicit description 
of the antomorphisms ?7<p,o in terms of the identihcation rjM- Consider 
a special case of this constrnction when rjQ admits a lift 7] G Ant 0(/C) 
which commntes with a, and therefore we have the appropriate lifts 
? 7 <p G AntO(/C<p), cf. Snbsection 11.11 Then in terms of onr hxed 
elements e and /, we have ?7<p(/) = c o (H (g) ido(A:<p))/, where c G Ck: 
and A G Ant£ can be fonnd from the relation 

(id£ (g) r])e = crc o (H (g) ido(yc))e o (-c), 

cf. Snbsection 1.5 in [2], or Propositiobn 1.1 in [8], and Snbsection 13.21 
below. ^ 

In other words, if (A (g) idwMik)){Dao) = Dao then 

^ r]{t)~‘^Dao = crc o j ^ t~'"Dao j o (-c) . 
aGlfi(p) yaeZO(p) J 

Note that proceeding as in [2], Snbsection 1.5.4, cf. also [S], Snbsec¬ 
tion 1.2, we can verify (this fact will be nsed systematically below) that 
with respect to the identihcation rjM, the antomorphism A coincides 
with the conjngation Ad rj^p : r hA 'U'^pT'q^p (here r G G<p)- 


1.7. Ramification filtration in C. For n ^ 0, denote by G^<1 the 
ramihcation snbgronp of G<p with the npper index v. Let £h) Pe the 
ideal of C snch that t]m{G<1) = The ideals £h) have the 

following explicit description. 

First, for any a G Z°(p) and n G Z, set Dan ■= Da,n mod No- In other 
words, we allow the second index in all Dan to take integral valnes and 
assnme that Dam = Dan 2 iff = n 2 modAto. For s ^ 1, agree to nse 
the notation (a, n)s, where d = (oi,..., a^) has coordinates in Z°(p) and 
h = (rti, ... ,ns) G Z^. Then we can attach to (a,n)s the commntator 
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[... and set 7 (a,n)s = aip”i H-For 

any 7 ^ 0 , let J^^-n be the element from Ck given by 

(1.3) J^l-N= Y1 P'''(^Mn)[---[Daim,Da2n2],---,Da,n^ 

'y(a,n)s='y 

where 7 (h) eqnals (si!(s 2 — si)!... (s — Si) 0 ~^ if 0 ^ ni = ■ • • = Ug^ > 
risj+i = • • ■ = 77-52 >■■■> nsi = ■■■ = Us ^ —N, and eqnals to zero 
otherwise. Then the main resnlt of [3] (translated into the covariant 
setting, cf. [1], Snbsections 1 . 1.2 and 1.2.4) states that 

• there is N{v) G N sueh that if we fix any N ^ N{v), then is 
the minimal ideal of C such that for all 7 ^ n, J^^-n ^ ■ 

2. Filtration {£(s)} 5 >i 

In this section we dehne a decreasing central hltration {£(s)}sj.i in 
the Z/p^-Lie algebra C from Subsection 11.41 Its dehnition depends on 
a choice of a special element S G m(/C) := tWM{k)[[t]] C 0{1C). This 
element S (together with the appropriate elements S'o and S' from its 
dehnition) will be specihed in Section HJ where we apply onr resnlts to 
the mixed characteristic case. 

2.1. Elements S'o, S", S' G m(/C). 

Let [p] be the isogeny of mnltiplication by p in the formal gronp 
Spf Zp[[X]] over Zp with the logarithm X + X^/pH— • + X^^'/p" + .... 

Choose S'o G m(X) and set S' = [p]^“^(S'o) and S = [p]^(S'o). Then 
S', S" G m(X), they both depend only on the residne S'o mod p and 
S = aS'. In particular, if e* G N is such that S'modp generates the 
ideal {t^) in k[[to]] then e* = Omodp^. 

Proposition 2.1. a) dS = 0 in 

b) there is S" G m(X), such that S = S"(p + S'"); 

c) there are po^hi ^ hFM(fc)[[t]]^ and p 2 ^ hFM(fc)[[t]] such that 

S = f*r]o + pf*^^r]i + p^p 2 . 

Proof, a) The congruence [p]X = X^modpZp[[X]] implies that d([p]X) G 
pZp[[X]]. Therefore, dS = 0 in 

b) Note that [p](X) = pX modX^. Therefore, there are Wi G Zp such 

that S = [p]S' = pS" + and we can take S" = tCj+iS"*. 

c) The to-adic valuation of S"modp equals e*/p. Then our property 
is implied by the following equivalence in Zp[[X]] 

[p](X) = pX + X^’mod (pX^’'-^’+\p2X). 

□ 
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Remark. We shall use below property a) in the following form: 
if s eN and y where all 'yis G WM^k), then I'yig = 0 . 


2.2. Morphism l. Let U = (l+to^[[^o]])^ be the Zp-module of princi¬ 
pal units in 1C. Then U is a closed Z/p^-submodule in K,*. 
Note that m(/C) = Wm{j^k.) H 0(/C), where m^c is the maximal ideal 
in the valuation ring of /C. Consider a (unique) continuous homomor¬ 
phism 

L : U —;• m(/C) 

such that for any a G WM{k) and a G Z+(p), i : E{a,tQ) i—)■ at°' (here 
E is the Shafarevich function, cf. Subsection II.3p . 

Then i induces an identihcation of UlU^ with the closed 1 Tm(^)- 
submodule 

Imt = <1 ^ aX I aa G WM{k) > 

[aez+(p) J 

in 0(/C). This submodule is topologically generated over WM{k) by all 
E with a G Z+(p). 

2.3. Definition of {£(s)},^i. Set (/C 7 /C*p"")(b = KC. For 

s ^ 1 , let = (Imi)S''^ with respect to the identihca¬ 

tion U.IW^ = Im I from Subsection 12.21 Note, that S = aS' implies 
that for any s G N, (Im<.)S'^ C Imt. 

Definition. {£(s)}s^i is the minimal central hltration of ideals of the 
Lie algebra C such that for all s ^ 1, £(s) D {K.*/1C*^^)^^\ 

The ideals £(s) can be dehned by induction on s as follows. Let 
£(1) = £; then for s ^ 1, the ideal £(s -|- 1) is generated by the 
elements of [£(s),£]. Note also that for any s, 

{IC*/]C*P^) nC{s) = (/C7/C*P"")("). (Use that Z/p^-module £(s) is 
isomorphic to (/C*//C*^^)(^^ © (£(s) fl C 2 {C)). 

In addition, for any s ^ 1, the quotients {JC*/JC*p’^/{JC*/JC*p^ 
are free Z/p^^-modules. This easily implies that all C{s)/C{s + 1) are 
also free Z/p^^-modules. 

2.4. Characterization of {£(s)}s>i in terms of e G Cjc- Recall that 

e = Y.a€Z 0 (p) cf. Subsectiou 01 

Proposition 2.2. The filtration {£(s)}s^i is the minimal central fil¬ 
tration in C such that £( 1 ) = C and for all s ^ 1, 

S^e G /lm(/c) + + l)/c. 

Proof. We need the following two lemmas. 
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Lemma 2.3. For all s ^ 1 and G WMik) where a G Z+(p), we have 
JJ E{aa,Q G ^ Yl Eiaa^FoY^'^ G {1C*/ 

a£Z+(p) a£Z+{p) 


Proof of Lemma. We must prove that 

aaP G S^m{]C) ^ Y ^ S^m{]C). 

aeZ+(p) aGZ+(p) 

Let S'® = with 7 /^ G WM{k), then I'-yis = 0, cf. Remark in 

Subsection o 

Suppose Eaez+(p) ^ ^®m(;C). 

Then Y.a<^o.E = {Y.b^){Y.ilist^)^ where J2b/^bt^ ^ and 

“a = J2a=b+i l^blis- This implies 

-tta = Y -l^blls = Y \l^blls, 

CL Qj 1 , ^ 

a=b+L a=o+/ 


because if a = 6 + / and a G IF {p) then b G Z"*" {p) and 


1 1 

a b 


-his 

ab 


= 0 . 


So, 

E 7*“=f E 1/3/) 

aez+{p) \6ez+(p) / / 

and Xla e S'®m(/C). 

Proceeding in the opposite direction we obtain the inverse statement. 
The lemma is proved. □ 


Lemma 2.4. If s ^ 1 and all G WM{k) then 

\[E{aaXof^‘' e {]C*/]C*P"Y^^ ^ {lC*/lC*^"t^ 

a£Z+{p) ae.Z+{p) 

Proof of Lemma. Snppose 

H E{aa,toy^^^{JC*/}C*P")F. 

aez+ (p) 

Choose a lTM(lFp)-basis {/?,} of WM{k), and let { 7 *} be its dnal with 
respect to the trace form. Then for any i, 

n E(Aaa,t7'/“G(/c7/c*p")(®). 

aez+ (p) 

In other words (use fll.ip from Subsection II.3p . 

C,= ahhhhc^a)Dane[lC*/]C*P"Y^ CC{S), 

aGZ+(p) 

nGZ/A^O^ 
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and 

^ ^ ^ ^ OlaDaO G 

i aeZ+(p) 

Suppose now that Y.a&+(p) «a-Dao e C{s)k. Then 

aaDaoe{lC*/lC*^")t\ 

aez+ (p) 

and, therefore, 

a^{aa)Dan e 

aEZ+ {p) 
n^'LlNo'L 

This means, that 

aez+ (p) 

The lemma is proved. □ 

Now we can hnish the proof of our proposition. If, as earlier, = 
with 7 ;s G ITm(^), then (Imi)S'^ is the ITM(/^)-submodule 
in m(/C) generated by the elements Oi £ Z,+ (p). 

The above lemmas imply then that {£(s)}s>i is the minimal central 
hltration in C such that £(1) = C and for all ai G Z+(p), s > 1, 

^ ^ 'yis^ai+1,0 £ .^(s “1“ l)fc . 

1^1 

On the other hand, 

aeZO(p) aiGZ+(p) \l^l ) 

modulo £m(A:)- Therefore, 

S^e G /lm(/C) + '^('S + 1)/C 77 

e £(s + l)fc for all Oi G Z+(p). 

i 

The proposition is proved. □ 

Definition. J\f = 

Note that TV is a Lie lTM(Tp)-subalgebra in Cjc- With this notation 
Proposition 12.21 implies the following characterization of the hltration 

Corollary 2.5. {£(s)}s^i is the minimal central filtration in C such 
that £(1) = C and e G W. 
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Proof. It will be sufficient to verify that 

e G A/" ^ Vs ^ 1, S^e G C-ra{tc) V + 1)^ . 

The “if” part is obvious. The “only if” part can be proved by induction 
on s via the following property: 

— if l'{s) G C.{s)ic and Sl'{s) G C.ra(K) + + 1)a: then V{s) G 

S'“^£(s)m(Ac)+ >C(s +l)yc (use that £(s)/£(s +1) is free Z/p^-module). 

□ 


2.5. Element G G{Cx). Recall that S'modp generates the ideal 
(^Q*) in A:[[fo]]- Therefore, the projections of the elements of the set 

I 1 ^ 6 < e*, gcd(6,p) = 1, m G N} U {ao} 

form a basis of 0(/C)/((j — id)0(/C) over 1 Tm(^)- 

Proposition 2.6. There are V(o) G £, a; G SJ\f and V(b,m) G ? where 
m ^ I, 1 ^ 6 < e*, gcd(6,p) = 1, such that 

■= Sm,6 ^ + ^0^(0) G A/"/ 

b) e'*' = (—era:) o eo x. 

Proof. Note that S G crm(/C) implies that the sets | a G Z+(p)} and 
I m G N,gcd(&,p) = 1,1 ^ 6 < e*} generate the same WM{k)- 
submodules in 0(/C)/m(/C). This implies the existence of G C and 
^ such that 

(2.1) e = ej mod £m(/c) 

where ej, := + «ol^(o‘!^- 

For i ^ 1, let AA^ = >S'“®>C(s)m(K:)- Then 

.AA« = ^-*£(*)„(^)+AAh+i); 

• [AAW,AA] cA/'(*+^). 

In particular, relation fl2.ll) implies that e = ej + axo — Xq, where 
aio G jCm{ic), and we obtain 

(2.2) (—(TXo) o e o xo = Cq mod 

(use that xq, axo G Pm(K:) C S'A/"*-^^). Now we need the following lemma. 

Lemma 2.7. Suppose Tl is a 'Lp-module and iq G N. Then for any 
I G there are /(o) G DJI, I G S'“*°9Jlni(A:) and l{b,m) ^ DJlk, 

where 1 ^ m ^ zq, gcd(p, b) = 1 and 1 ^ b < e*, such that 

I = + ao/(o) + (Tl- I 
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Proof of Lemma \2.7\ It will be sufficient to consider the case DJI = Z. 


,p. 


In other words, we must prove the following statement: 


• For any s G there are ft^o) ^ Wm(^p), s G S'“*°m(/C) 

and (d(b,m) £ WM^k), where 1 ^ m ^ iq, gcd{b,p) = 1 and 1 < e*, 

such that 

s = ^ l3yt,,m)S~'^t^ + ao/3(o) + ns - s. 

b^m 


We can assume that s = t°‘°/S’'°, where 1 ^ Oq < e*, io ^ N and our 
lemma is proved for all elements s from pS'“*°m(/C) + f““S'“*“m(/C). 

If gcd (ao,p) = 1 there is nothing to prove. Otherwise, Oq = pai and 
s = s'+ct(s')-s' with s' = /S'^° = P^{p+S")/S^L It remains to note 

that s' G pS'“*'’m(/C) + t“°S'“*'’m(/C), because S'" modp G (tf), where 
e° := e*(l — 1/p), and Oi + e° = Oq/p + e° > Oq (use that Oq < e*). □ 

Continue the proof of Proposition 12.61 Clearly, it is implied by the 
following lemma. 

Lemma 2.8. For all i ^ 0, there are Xi G SJ\f, G Ck and 

G C such that: 

Oi) Xi+i = XimodSAf^'^~^^\- 

« 2 ) mod£(? + 2)k; 

as) C(S;+') = I/«mod£(* + 2) 

b) ^fel = Eb,™ then 

(—axi) o e o Xj = e| mod S'A/’b+^Z 

Proof. Use the elements ’ b^(o)^ ’ xq from the beginning of 

the proof of Proposition 12.61 Then part b) holds for i = 0 by 02.21) . 

Let ^0^1 and assume that our Lemma is proved for all i < io. Let 
I G S~^°C{io + l)m(A:) be such that 

e\^_i - (-crXio_i) o e o Xi^_i = I mod S'A/'bo+2) _ 

Apply Lemma [221 to DJI = C{io + 1) and I G S~^°C{io + l)m(A:)- This 
gives us the appropriate elements l(b,m) ^ 'C(*o + l)fc; ^(o) ^ '^(^o + l) and 
I G S“*°£(io + l)m(K;)- Note that the elements l(b,m) are dehned only 
for 1 ^ m ^ io- Extend their dehnition by setting l(b,m) = 0 if m > io- 

Then the case i = io of Lemma 1^751 holds with + hb,m): 

b/o)°^ = T)q° + 1(0) and Xi^ = Xi^-i +1. (We use here that SAAbo+^l = 

^-*°£(*o + l)m(yc) + ^.AAb°+2).) 

Lemma 12.81 and Proposition 12.61 are completely proved. □ 

□ 








14 


VICTOR ABRASHKIN 


Proposition 12.6b ) implies that the elements cr^V(^h,m), n G I^/Nq, to¬ 
gether with V(o) form a system of free topological generators of Ck- 
Suppose and {7j}is:is:Aro are the Z/p^-bases of IPm(^) from 

the proof of Proposition 11.21 Proceeding similarly to that proof intro¬ 
duce the elements 

nGZINo 

Then all V(b,m) can be recovered via the relation V(6,m) = 

This implies that the elements V(b^rn),i together with V(o) form a system 
of free topological generators of C. (Recall that £ is a free object in 
the category of Lie Z/p^-algebras of nilpotent class < p.) Therefore, 
we can introduce the weight function wt on C by setting for all b, m, i, 
wt(V(b^m),i) = nr and wt(V(o)) = 1. Note that by Proposition I2.6b l we 
have that G A/" if and only if e G J\f. Now Proposition 12.21 implies 
the following corollary. 

Corollary 2.9. For any s ^ 1, C{s) = {/ G £ | wt(/) ^ s}. 

3. The groups Qh and Qh 

3.1. Automorphism h. Let S G 0(/C) be the element introduced in 
Subsection o Let ho G Aut(/C) be such that holfc = id and ho (to) = 
to£(l, (Smodp). Then ho admits a lift to h G Aut(9(/C) such that 
h\wM{k) = id and h(t) = tE{l^S). Recall that 0(/C) = WM{k){{t)). If 
n G N then denote by h"'(t) the n-th superposition of the formal power 
series h{t). 

Proposition 3.1. For any n G N, h"^(t) = tE{n, S) modS'^m(/C) 

Proof. If rr = 1 there is nothing to prove. Suppose proposition is proved 
for some n G N. Then 

h^+\t) = h^(h(t)) = tE{l, S)E{n, S{h{t))) modm{)C)S{h{t)Y. 

Recall, cf. Subsection 12.21 that S = where yn G Wuik) and 

= 0. Let I = Vp°‘ with gcd(/',p) = 1. Then yn G p^~°'WM{k). 
With the above notation we have in 

£(1, Sy = exp(p“5 + • • • + pSP'^'^YE{1, = 1 mod (p“, SY- 

Therefore (use that yzip" = 0), 

S{h{t)) = S{tE{l,S)) = Y,liit'E{l,Sy = = SmodSP, 

i i 

and = tE{l, S)E{n, S) = tE{n + 1, S') modm(/C)S'^ (use that 

,S(h(t))P = Omod^P). □ 
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3.2. Specification of lifts h^p. Note that h{t) = \ where a = 

E{1, SoY, and therefore, h commutes with a, cf. Remark in Subsection 
o Now suppose that h^p^ G Ant /C<p is a lift of ho. Then Proposition 
II.II provides us with a unique h<p G Ant 0(/C<p) such that h<p|o(yc) = h 
and h<pmodp = h<p^o- Therefore, we can work with arbitrary lifts 
h<pfi of ho by working with the appropriate lifts h<p of h. Note that 
all such lifts h<p commute with a. 

A lift h<p of h can be specihed by the formalism of nilpotent Artin- 
Schreier theory as follows. 

Dehne similarly to [5] the continuous lTM(h)-hnear operators 7^,5 : 
C}c —> Cfc as follows. 

Suppose a E Ck- 

For n > 0, set TZif^a) = 0 and Sit^a) = — 

For n = 0, set TZ{a) = ao(id£(8)Tr)(a), S{a) = J2o^j<i<No o'*®, 
where Tr : Wuik) —> Wuik) is induced by the trace map in k/¥p and 
®o £ WM{k) with Trcio = 1 was hxed in Subsection 11.41 

For?T, = —riip'", gcd(?T.i,p) = 1, set an.dS((Ea) = 

Similarly to [S] we have the following lemma. (We use also the special 
case 971 = Zp of Lemma 12771 1 

Lemma 3.2. For any b G Cic, 

a) b = n{b) + (cr - id£,c)5(6); 

b) if b = bi + ac — c, where bi G Ylia&+{p) and c G Ck: 

then 'Fib) = bi and c — S{b) G C; 

c) for any n ^ 0, F and S map S~'^Cra{ic) to itself. 

According to Subsection 11.61 for the lift h<p G AutO(/C<p) of h 
(which is attached to the lift h<p,o of ho), we have that 

h<p{f) =co{A(^ ido(/c<p))/ • 

Here c G C/c and A = Ad h<p G Ant C (cf. Subsection 11.61 for the 
dehnition of Adh<p). Similarly to [8] it can be proved that the corre¬ 
spondence h<p I— )■ (c. A) is a bijection between the set of all lifts h<p of 
h and all (c. A) G C/c x Ant C such that 

(3.1) (id£ (g) h)(e) o c = (ac) o (A g ido(^c))(e). 

This allows us to specify a choice of h<p step by step proceeding from 
h<^pmodCs{Cic^Y to h<pmodCs+i(£A:<p) where 1 ^ s < p, as follows. 

Suppose c and A are already chosen modulo s-th commutators, i.e. 
we chose (cs,As) G x Ant £ satisfying the relation 03.1 p modulo 
Cs{C^). 
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Then set c^+i = Cg + X and Ag^i = As + A, where X G Cs(£x:) and 
A G Honi(£, Cs(£)). Then fl3.ll) implies that (here Ak = A® WM{k)) 

aX-X+ Y, t-^Ak{D,o) = 

aeZO(p) 


(3.2) (id£ ® h)e o Cg - aCg o (Ag ® ido(/c))einodCg+i(£/c) 

Now we can specify c^+i and by setting X = S(Bg) and 

^^g^o(p) = T^iBg), where Bg is the right-hand side of the 

above recnrrent relation. Note that the knowledge of all Ak{Dao) recov¬ 
ers uniquely the values of A on generators of C and gives well-dehned 
As+i G Ant £. Clearly, (c<j+i,As+i) satishes the relation fl3.ip modulo 
Cg+i(Cic). Finally, we obtain the solution (c°,A°) := (cp,Ap) of fl3.ip 
and can use it to specify uniquely the lift h^p of h. 

3.3. The group Qh- Consider the group of all continuous automor¬ 
phisms of /C<p such that their restriction to /C belongs to the closed sub¬ 
group in Aut/C generated by Hq. These automorphisms admit unique 
lifts to automorphisms of 0(/C<p) such that their restriction to 0(/C) 
belongs to the subgroup (h) of AutO(/C) generated by h, cf. the be¬ 
ginning of Subsection 13.21 Denote the group of these lifts by Qh- 
Use the identihcation rju from Subsection 11.41 to obtain a natural 
short exact sequence of prohnite p-groups 

(3.3) 1 G(£) 

For any s ^ 2, the s-th commutator subgroup Cs(^/i) is a normal 
subgroup in G(C). Therefore, Ch(s) := Cg(gh) is a Lie subalgebra 
of C. Set £h(l) = Clearly, for any Si,S 2 ^ 1, [£/j(si), £/i(s 2 )] C 
£/i(si -f S 2 ), in other words, the hltration {£/i(s)}s^i is central. 

Theorem 3.3. For all s G N, jC-h{s) = C{s). 

Proof. Use the notation from Subsection 12.51 Obviously, we have: 

• £(s + l) = (/CV/C*p'^y'^^V/:(s + l)nC' 2 (£), where the WM(k)- 

( m\ 

module (j is generated by all with m s + 1 (for 

the dehnition of V(6,m) cf. Proposition 12.6p and C(s -|- 1) D C 2 (C) = 
^Sl+S2=S+l [£(si), £( 52 )]; 

• £/i(s -|- 1) is the ideal in C generated by [Th("S), C] and all elements 
of the form (Ad/i<p)/ o (—/), where I G Ch(s) and h^p is a lift of h. 

Consider the elements V(o) and introduced in the end of Sec¬ 

tion [2]). Recall that m G N, 1 ^ 6 < e* and gcd(6,p) = 1. 
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Lemma 3.4. There is a lift such that if (Ad/i^p)V(o) = V(o) and 
for all b,m,i, (Ad/i<p)V(6,m),i = V(^b,m),i then 

a) V(o) = V(o) mod C 2 (C); 

b) V(b,m),i = y(b,m),i + bV(b,m+i),i mod (£(m + 2) + £(m + 1) n C 2 {C)). 
We shall prove this Lemma below. 

Note the following immediate applications of this lemma: 

(a) if I E C{s) then {Adhfpjl o (—/) g C{s + 1); 

(b) if I G then there is an V G (^JC*such 

that (Adh^p)Z' o {—I') = I mod C{s + 1) fl C 2 {C). 

Now we can hnish the proof of our theorem. 

Clearly, Ch{l) = >C(1). 

Suppose So ^ 1 and for 1 ^ s ^ Sq, we have Ch{s) = jC{s). 

Then [£,j(so),£] = [£(so),£(l)] C £(so + 1) and applying (a) we 
obtain that Ch{so + 1) C £(so + 1). 

In the opposite direction, note that by inductive assumption, 

/l(so + 1) n C'2(/l) = [£/i(Si), £/i(s2 )] C £/i(so + 1) 

Sl+S2=S0 + l 

and then from (b) we obtain that f/C*//C*^ j C Ch{so + 1). So, 
C{so + 1) C Ch{so + 1). The theorem is completely proved. □ 

Proof of Lemma \3.4\ Let 

e^ := (Adh<p (g) ido(/c))e^ = ^ -^/3iV(^b,m},i + a(o)V'(o). 

i,b^m 

Similarly to Subsection 13.21 there is G Cjc such that 

(3.4) (id/; 0 h)e^ o = (cxc^) o . 

and the choice of h\p can be specihed by an analog of the recurrent 
procedure from the end of Subsection 13.21 

Namely, set cj = 0 and A\ = id£. Then for 1 ^ s < p, (Cg_,_;^, 
can be dehned as follows: 

• Bs = (id£ 0 h)e^ ° c] - {ac]) o (Aj 0 idK;)e'^ 

. X, = S{B,), (A 0 id,c)e^ = n{Bs)] 

• cj+i = cj + Xs, + As 

This gives the system of compatible on 1 ^ s ^ p solutions (cj, A^) G 
X Ant C of fl3.4p modulo Cs{Ck) and {A, A^) := (c^, A^) dehnes h\p. 
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Let _ 

Ar(2) ;= ^ 5-*(£(^) n C 2 {C)Uk.) C . 

i^2 

Note that [A/", A/] C Consider the following properties. 

a) (id£ 0 h)(e'*') = + ef + mod S'W, where e^, G SJ\f and 


ei 

(nse that h{S) 


i^b^m b,i 

S{h{t)) = S'mod cf. the proof of Proposition 13. ip . 


b) e'*' = mod SJ\f and G SJ\f (nse that for all s, Bg G SJ\f and 
71 and S map SAf to itself). 

c) (—(Tc^) o (id£ 0 h)(e'*') o = (c^ — ac^) -\-e^ + e\ mod SW+ SA/"*^^^ 
(nse that c G SAf and (id^ 0 h)(e'*') G Af) 

d) Apply 7Z to the congruence from c), use that S‘^Af + S'A/"’-^^ is 
mapped by 7Z to itself and 7Z{c^ — crC) = TZ^el) = 0 

{^{b,m),i + bV(^b,m+i),i) + ToV(o) mod S^Af + . 

i,b,m 

It remains to note that the last congruence is equivalent to the state¬ 
ment of our lemma. □ 

3.4. The group Qh- Let Gh = Gh/Gf Cp{Gh). 

Proposition 3.5. Exact sequence fl3.3p induces the following exact se¬ 
quence of p-groups 

(3.5) 1 ^ G{C)/G{C{p)) ^Gh-^ (h) mod {hP"") 1 

Proof. Set 


M-.= M + C{p)^ = Y, S-^C{sU^) + C{p)^ 

l^s<p 

l^s<p 

where m(/C<p) = ILM(m<p) fl 0(/C<p) and m<p is the maximal ideal of 
the valuation ring of /C<p. 

Then AT has the induced structure of Lie ITM(fc)-algebra (use the Lie 
bracket from £/c) and S^~^A4 is an ideal in AT. Similarly, AT<p is a Lie 
ILM(^)-algebra (containing AT as its subalgebra) and S^“^AT<p is an 
ideal in AT<p. Note that e G AT, / G AT<p, S'^“^AT<p n AT = S^“^AT, 
and we have a natural embedding of AT := AT/S'^“^AT into AT<p := 
AT<p/S'^“^AT<p. For i ^ 0, we have also (id^ 0 h — id_A 4 )*AT C S'®AT. 
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Consider the orbit of / := fmodS^ with respect to the nat¬ 

ural action of Qh C AutO(/C<p) on M.<p. Prove that the stabilizer "H 
of / equals Ql Cp{Qh)- 

If I G G{C) then E sends f to f o 1. This means that for 

I E CD Ti we have 

I E SP-^M<p nc = SP-^M nc = £(p)^ n £ = C{p) = Cp{Gh) • 

Therefore, "H fl G{C) = Gp{Qh) C % and we obtain the embedding 
K■.G{C)/G{C{p))^G^,/U. 

Now consider the lift ^ from the end of Subsection 13.21 

Note that modGp^Gh) is generated by h^^p . Indeed, any hnite 
p-group of nilpotent class < p is P-regular, cf. n Subsection 12.3. 
In particular, for any g E G(£), (h°p o o g' m.odGp{Gh) ^ 

where g' is the product of p^-th powers of elements from G(£), but 
G{C) has period p^. 

As earlier, = c° o (A° ® idyc)/- Note that c° G SAi (proceed 
similarly to the proof of Lemma [3.41 step b)). 

Then (/) = 

(^c° o (A° (g) h-yy o • • • o (A° 0 h-y-y^yiA^p'^&d)/. 

Clearly, (A° — id£)^£ C £(p) and, therefore, 0 id)/ = /. 

Similarly, B = ® h~^ is an automorphism of the Lie algebra Ad, 

and for all s ^ 0, (P — id_yv()(S''^Ad) C 

Lemma 3.6. For any m E SAi, m o B{m) o • • • o BP^~^m G S^Ai. 

Proof. Consider the Lie algebra 971 = SAi/SPAi with the hltration 
{971(i)}j^i induced by the hltration {S^Ai}i^i. This hltration is central, 
i.e. for any i,j ^ 1, [97t(i), 971(j)] C 971(i-|-j). In particular, the 
nilpotent class of 971 is < p. 

The operator B induces the operator on 971 which we denote also by 
B. Clearly, B = exp B where P is a diherentiation on 971 such that for 
all i C 971(i + 1). 

Let 971 be a semi-direct product of 971 and the trivial Lie algebra 
{'L/p^)w via B. This means that 971 = 971©(Z/p^)t(; as Z/p^-module, 
971 and {fL/p^)w are Lie subalgebras of 971 and for any m E 971, [m, w] = 
B{m). Clearly, C2(971) = [971,971] C 971(2). This implies that 971 has 
nilpotent class < p and we can consider the p-group G(971). This group 
has nilpotent class < p and period p^ (because for any fh G 971, its 
p*^-th power in G(97T) equals p^rh = 0). 
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Note that the conjugation by w in G(9Jl) is given by the automor¬ 
phism = B. Indeed, if m G 971 then 

B{m) = (expi3)m = B^{m)/n\ = {—w) omow 

(use very well-known formula in a free associative algebra Q[[X, F]], 
exp(-F) exp(X) exp(F) = exp(X + ... + (ad’"F)X/n! + ...), 
where adF : X ^ [X,Y]). 

In particular, for any element rh = m mod J\f{p) G 971, we have 
Wiofh = B{rh) owi, where wi = —w. Therefore, 0 = {rhowiy = mo 
B{rfi)o-■ ■oB^’^~^{ffi)ow\ , and it remains to note that =0. □ 

Applying the above Lemma we obtain that 

c° o (yl° (g) h-yy o ... o (yl° (g) G U{p) c S^-^M 

and, therefore, (/) = 0. 

Thus, we proved that Cp{Qh) C "H. 

Suppose g = G B with some I G G{C). Then g{f) = b o f 

where b G Note that cr(6) G SP~^Ai<p. Then 

g(e) obo f = g{e) o g{f) = g{af) = aboaf = aboeo f 

implies that g{e) = emodS'^“^AT. Thus (id0h)™'(e) = emodS'^“^Ad. 

Now use that e = e'^mod£m(A:) + G 2 (£)a:, cf. the beginning of the 
proof of Proposition 12.61 

Clearly, £m(v) + T* Sp~^A4 and, therefore, for the element 

_ ^ ^ 

^<P 

i^b l^m<p 

we obtain (id^ (g) h)™'(e<p) = e<pmod£m(v) + C 2 {Cjc). But 

h'^ie<p) = Yl ^ A'^(fe,m),^mod£n,(^) + C{p)^ 

i,b l^m<p 

Now following the coefficients for V(^b,p- 2 ),i we obtain m = Omodp^. 
Therefore, / G "H fl G{C) = Gp{Qh) and H C Gl Gp{Gh)- 

Finally, we have Gh/B- = Gh, 'HmodGp{Gh) = (h<p) and, therefore, 
Coker k = {h) mod {h^^). □ 

Corollary 3.7. If Lh is a Lie algebra such that Gh = G{Lh) then 

fl3.5p induces the following short exact sequence of Lie h/p^-algebras 

0 C/C{p) ^Lh^ 0 

Remark. In [S] we studied the structure of the above Lie algebra L^ 
in the case M = 1. The case of arbitrary M will be considered in a 
forthcoming paper. 
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3.5. Ramification estimates. Use the identification from Subsection 
11.31 7]m : Gal(/C<p//C) = Q^p ~ G{C) and set for all for s G N, 
/C[s,M] := Denote by v{s,M) the maximal upper rami- 

hcation number of the extension /C[s, M]/K,. In other words, 

t(s, M) = max{i; | acts non-trivially on JC[s, M]} . 

Proposition 3.8. For all s G N, v{s,M) = p^^~^{e*s — 1) (for the 
definition of e* cfi Subsection \2.1\) . 

Proof. Recall, cf. Subsection 11.71 that for any n ^ 0, the ramihcation 
subgroups are identihed with the ideals of £, and for suffi¬ 
ciently large N = N{v), the ideal is generated by all 

where 'j ^ v, n E Z/Nq and the elements given by fll.31) . 

Let e° = e*(l — 1/p). 

Lemma 3.9. If a ^ m G N and 0 ^ c < M then the following 

two conditions are equivalent: 

a) G m(/C) modp'^0(/C); 

b) a > e*u -f e°(c — 1 ). 

Proof of lemma. Proposition I2.1b l implies that 



where po and all pfiu) are invertible elements of iUM(^)[M] C 0(/C). 
Therefore, t°‘S~'^ G m(/C) modp‘^0(/C) if and only if for all 1 ^ i < c, 
^a-ue*-te° ^ m(/C), i.e. a—ue* — {c—l)e^ > 0. The lemma is proved. □ 

Corollary 3.10. Dan ^ C{u)k modp^O{]C) if and only if we have that 
a ^ e*{u - 1) + (c- l)e° + 1. 


Lemma 3.11. Suppose N ^ 0. 

a) //7 > p^~^{e*s - 1 ) then ^ G{s + 1 )^; 

b) if 1 = p^~^{e*s — 1 ) then 

J^-N = P^~^De*s-l,M-l laod C{S + l)fc . 

Proof of lemma. For any 7 > 0, is a Z/p^-linear combination 

of the monomials of the form 

X(b , cii,..., m 2 ,..., mfi) p afi... \]Da\,b—m\, Dqj jb—mfi, ■ ■ ■ ) Da^^i)—nT,r\ ) 

where 0 ^ 5 < M, 1 ^ r < p, all a* G Z°(p), 0 = mi ^ m 2 ^ ^ m^, 

and 


P 


b 



02 

pm2 


Or 


P 


TTlr 


+ ••• + 


= 7. 
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For 1 ^ ^ r, let Mj G Z be such that (note that p^|e*, and if 

M = 1 then M — 6 — 1 = 0 ) 

1 + e*{ui — 1 ) + e°(M — 6 — 1 ) ^ Oj < e*Ui + e°(M — 6 — 1 ). 

This means that all Dai,b-mi £ jC{ui)kTaodp^~^Ck ■ 

Suppose X{b; ai,..., ap, m 2 ,..., rrir) ^ C{s + 1)^. This implies that 
u\ + ■ ■ ■ + Ur ^ s and, therefore, oi + • • - + 0 ^ ^ e*s + re°(M — 6 — 1) — r. 
If 7 > p^^~^{e*s — 1) then oi +-h > p^~’^~^{e*s — 1) and 

e*s + re^{M — b — 1) — r > p^~^~^{e*s — 1). 

Set c = M — 6 — 1 , then 0 ^ c < M and 

— l)(e*s — 1 ) ^ r(e°c — 1 ). 

If c = 0 then r ^ 0, contradiction. 

If c ^ 1 then (use that r ^ p — 1 and s ^ 1) 

(1 + p +-h p'^”^)(e* — 1 ) ^ e°c — 1 . 

But then e* = e°(l + l/(p—1)) ^ e° + l implies that l+p+- ■ ■+p^~^ < c. 
This contradiction proves a). 

Suppose 7 = p^~^{e*s — 1). Then the expression for contains 

the term p^“^Zi)e*s-i,M-i- Take (with above notation) any another 
monomial X{b; Oi,..., ap, m 2 , ■ ■ ■, mr) from the expression of 
Clearly, r ^ 2. As earlier, the assumption that this monomial does not 
belong to £(s + 1 )*, implies that 

{p^ — l)(e*s — 1 ) ^ r(e°c — 1 ) + 1 . 

If c = 0 then r ^ 1, contradiction. 

If c ^ 1 then again use that r ^ p — 1 to obtain 

(1 + p + ■ ■ ■ + p'^~^){e*s — 1 ) ^ e°c —l + l/(p— 1 )< e°c 

and note that the left-hand side of this inequality > ce° (use that 
e*s — 1 ^ e* — 1 ^ e°). The contradiction. The lemma is completely 
proved. □ 

It remains to note that Lemma [3.111 implies that 

max{u I ^ £(s -I- 1)} = p^~^{e*s — 1). 

Proposition 13.81 is completely proved. □ 

4. Applications to the mixed characteristic case 

Let A be a hnite held extension of Qp with the residue held k ~ 
and the ramihcation index ck- Let tiq be a uniformising element in K. 
Denote by K an algebraic closure of K and set T = Gal(A/A). Assume 
that K contains a primitive p^-th root of unity 
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4.1. For n G N, choose 7r„ G iF such that = Tin-i- Let K = 
U„gj,iF(7r„), r<p := T/TP^Cp{T) and f = Gal(iF/iF). Then f C F 
induces a continuous group homomorphism i : F —)■ F<p. 

We have Gal(iF(7rM)/iF) = where To{tim) = Let 

j : F<p —y Ga.l{K{7iM)/K) be a natural epimorphism. 

Proposition 4.1. The following sequence 



is exact. 


Proof. For n > M, let Cn G LF be such that = Cn-i- 

Gonsider K' = Uns^M (n)- Then iF'/iF is Galois with the 

Galois group F = (u, r). Here for any n ^ M and some Sq G Z, 

<^Cn = = vr„, r(Cn) = Cn, T7ln = TTnCn and Cr"Va = 


Therefore, LL^^^ 


JX / I\ 

mutators we have G 2 (F C (r^^) C LL^^^. This implies that 

. , „M „M, 




M 

and for F:= F^y^/FL^^^Cp(F j^^-, we obtain a natural 
act sequence 


ex- 




K' jK 


(M) —y (r) mod (r^ ) = 


1 . 


Note that Ftogether with a lift d G F of a generate F. The above 
short exact sequence implies that Ker ^F<p —y is generated 

by a and the image of F^,. So, this kernel coincides with the image of 
F in F<p. □ 


4.2. Let R be Fontaine’s ring. We have a natural embedding k G R 
and an element to = (^in Lnodp)„j.o G R. Then we can identify the 
held k{{to)) with the held K, from Sections [T]l3l If Rq = Fraci? then K 
is a closed subheld of Rq and the theory of the held-of-norms functor 
identihes Rq with the completion of the separable closure fCsep of /C in 
Rq. Note that R is the valuation ring of Rq and denote by m^j the 
maximal ideal of R. ^ 

This allows us to identify Q = Gal(/Csep//C) with F C F C Auti?o- 
This identihcation is compatible with the appropriate ramihcation hl- 
trations. Namely, if is the Herbrand function of the (arithmeti¬ 

cally prohnite) held extension K jK then for any n ^ 0, 
where vi = 

Let as earlier, ^<p = QCp{Q). Then the embedding ^ = F C F 
induces a natural continuous morphism l of the inhnite group Q^p to the 
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finite group r<p. Therefore, by Proposition 14.II we obtain the following 
exact sequence 

(4.1) ^ r<p ^ ^ 1. 

Let Cm = 1 + with all (3i G k. Consider the identihcation 

of rings ~ O^jv given by (ro,..., r„,...) i-A tq. If e = (Cn)n^o is 

Fontaine’s element such that Cm is our hxed p^-th root of unity then we 
have in Wm{,R) the following congruence (as earlier, t = (fo, • • •, 0) G 
Wm{R)) 

(4.2) = l + mod(r^,p). 

Now we can specify the choice of the elements Sq, S G m(/C), cf. Sub¬ 
section 12.11 by setting E{l,So) = 1 -|- and S = [p]^(5o). 

Note that S'modp generates the ideal (A*) in Ojc = fc[[to ]]5 where 
e* = pex/ip — 1). Now congruence fl4.2p can be rewritten in the fol¬ 
lowing form 

a~^e = i?(l, Sq) mod ,p). 

Applying cr we obtain 

^-M+I^ = E(l, [p]5o) mod(S'^“\p), 
and then taking p^“^-th power 

£ = E(l, S) modS^-^WM{R ). 

4.3. Let Vfc be the extension of the normalized valuation on /C to Rq. 
Consider a continuous held embedding po : ^ —> Ro compatible with 
vjc- Denote by Iso(? 7 o 5 .Ro) the set of all extensions r7<p,o of po to 
/C<p. This set is a principal homogeneous space over Q^p = G{C). 

Choose a lift rj : 0(/C) —> Wm{Ro) such that pmodp = po and 
pa = ap. Proceeding similarly to Subsection II.II we can identify the set 
of all lifts po,<p of po from Iso(po 5 ^<p, Ro) with the set of all (commuting 
with a) lifts of p from Iso(? 7 , 0{}C^p), Wm{Ro))- 

Specify uniquely each lift p^p by the knowledge of p<p{f) G Cr^ in 
the set of all solutions /' G Cr^ of the equation af' = p{e) o /'. (The 
elements e G Cic and / G CiCcp were chosen in Subsection 11.41 1 

Consider the appropriate submodules Ai C Ck., A4<p C jCic<p from 
Subsection 13.41 and dehne similarly 

■^Ro = R ^L!(s)m(ij) -I- C{p)ro C , 

lsgs<p 

where m(i?) = Wm{rRr)- We know that e G M, f G A4<cp and for 
similar reasons, all p<p{f) E Mr^^. 

Lemma 4.2. With above notation suppose that p{e) = e mod S^~^AiRf^. 
Then there is c E S'p~^M.Rq such that p{e) = aco e o (—c). 
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Proof. Note that is an ideal in A4rq and for any i G M and 

m G SP~^Ci{AiRg), there is c G snch that ac — c = m. 

(Use that a is topologically nilpotent on S'^“^C'i(AlRp).) 

Therefore, there is Ci G snch that p(e) = e + crci — Ci. This 

implies that //(e) o ci = cxci o e mod S'^“^C' 2 (Ali?o). Similarly, there 
is C 2 G 5'^“^C'2(A1ho) snch that //(e) o ci + C 2 = ac 2 + cxci o cq and 
p(eo) o Cl o C 2 = ac 2 o aci o comod S'^“^C3(Ali?o), and so on. 

After p — 1 iterations we obtain for 1 ^ i < p the elements Cj G 
snch that 

p(e) o (ci o • • • o Cp_i) = a(cp_i o • • • o Cl) o e. 

The lemma is proved. □ 

The above lemma implies the following properties: 

Proposition 4.3. a) //p(e) = e mod then for any rj^p G 

Iso(p, /C<p, i?o); there is a unique I G G{C) modG(£(p)) such that 

V<pif) = f mod SP~^Mro . 

b) Suppose 7]',7]" : 0(/C) — y Wm{Ro) are such that 

r]'{t) = 7]”{t) mod . 

Ifi^p G Iso(r/',0(/C<p),lUM(i?o)) andifp G Iso(p", 0(/C<p), lUM(i?o)) 
then there is a unique I G G{C) such that 

V<p{f) = V<p{f) olmodSP-^Mn,. 

4.4. The action of T = Gal(A^/A') on Rq is strict and, therefore, the 
elements p G T can be identihed with all continnons held embeddings 
g : ICsep —t Rq snch that g\ic belongs to the set (tq) = {tq I ® ^ 

Extend tq now to a continnons embedding r : 0(/C) —> Wm{Ro) 
nniqnely determined by the condition r(t) = te. Clearly, r commntes 
with a. Then the resnlts of Subsection II.II imply that the elements of T 
are identihed with the continnons embeddings g : OiJCsep) —t 1 Tm(.Ro) 
snch that p|o(AC) belongs to the set (r). 

Consider ho G Ant(/C) snch that ho(to) = S modp) and ho|fc = 

id. Then its lift h G AntO(/C) snch that h{t) = tE{l, S) commntes with 
a and there are the appropriate gronps Qh and Qh from Section [31 
Clearly, h{t) = r(t) mod and we can apply Proposition l4.3b l. 

This implies that the T-orbit of / mod is contained in the Qh- 

orbit of / mod Therefore, there is a map of sets k : T —;■ Qh 

nniqnely determined by the reqnirement that for any p G T, 

(idc ® g)f = (idc C K{g))f mod S^~^Mr^ . 

(Use that Qh strictly acts on the ^/i-orbit of /mod/?(,.) 

Proposition 4.4. k induces a group isomorphism K^p : r<p —y Qh- 
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Proof. Suppose gi,g G F. Let c G Cx. and A G Aut£ be such that 
{}dc®ti{g))f = co(A&dx^p) f ■ Then we have the following congruences 
modulo 

(id/: ® K{gig))f = (id/: «) gig)f = (id/: ® gi){idc ® g)f = 

(id/: ® 9i){idc ® ^(fi'))/ = (id/: ® gi){c o (A ® id/c<J/) = 

(id/: O gi)c o (A O gi)f = (id/: ® «(5'i))c o (A 0 K{gi))f = 

(id/: O K{gi)){c o (A 0 id/c<J/) = (id/: ® K.{gi)){idc 0 K.{g))f 

= (id/; 0 K.{gi)K{g))f 

and, therefore, n{gig) = K{gi)n{g) (use that Qh acts strictly on the 
orbit of /). 

Therefore, k factors through the natural projection T r<;p and 
dehnes the group homomorphism : T^p ^ 

Recall that we have the £eld-of-norms identihcation T = Q and, 
therefore, A<p identihes the groups ^(r) and G(£/£(p)) C Qh- Be¬ 
sides, K induces a group isomorphism of and . Now 

Proposition 14.11 implies that K<p is isomorphism. □ 

Under the isomorphism fi:<p, the subhelds /C[s,M] C /C<p, where 
1 ^ s < p (cf. Subsection 13.511 . give rise to the subhelds K[s,M] C 
K^p such that Gal(iF[s, M]/iF) = r/r^*^C's+i(r). In other words, the 
extensions K[s, M] appear as the maximal p-extensions of K with the 
Galois group of period and nilpotent class s. 

Using that the identification ^ = T is compatible with ramihca- 
tion hltrations, cf. Subsection 14.21 we obtain the following result 
about the maximal upper ramihcation numbers of the held extensions 
K[s, M]/iF, where M G N and 1 ^ s < p. 

Theorem 4.5. If [K : Qp] < oo, ck is the ramification index of K and 
Cm ^ K then for 1 ^ s < p, 

v{K[s, M]/K) = eK(^M + 

Proof. Note hrst, that the Herbrand function <p^^^(a;) is continuous for 
all X ^ 0, = 0 and its derivative equals 1 if x G (0,e*) 

and equals p”™, if m G M and x G (e*p"*“^, e*p^). 

From Proposition 13.81 we obtain that 

v{K[s,M]/K) = max|n(R:(7rM)/A:),(Pi?//^(p^“^(se* - 1))| . 

Note that v{K{tim)/K) = PK/KiP^~^^*) = ^* + ck^M — 1) and, 
therefore, 

1 

p — 1 




v{K[l, M]/K) = v{K{tim)/K) =eK(M + 
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If 2 ^ s < p then v{K[s,M/K) equals ^{se* — 1)) = 


= PK/KiP^-^e*) + 


pM 


-l)-p 


M-l„* 


P 


M 


ex 



1 

P ' 

□ 
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